On The Ono Invariants of Imaginary Quadratic Fields  by Cohen, Joseph & Sonn, Jack
Journal of Number Theory 95, 259–267 (2002)
doi:10.1006/jnth.2001.2768On The Ono Invariants of Imaginary Quadratic Fields
Joseph Cohen and Jack Sonn
Department of Mathematics, Technion, 32000 Haifa, Israel
E-mail : coheny@techunix:technion:ac:il; sonn@techunix:technion:ac:il
Communicated by M. Pohst
Received March 21, 2001; revised June 11, 2001
Let Ed ðxÞ denote the ‘‘Euler polynomial’’ x2 þ x þ ð1 dÞ=4 if d  1 ðmod 4Þ and
x2  d if d  2; 3 ðmod 4Þ. Set OðnÞ ¼ the number of prime factors (counting
multiplicity) of the positive integer n. The Ono invariant Onod of K is deﬁned to be
maxfOðEd ðbÞÞ: b ¼ 0; 1; . . . jDd j=4 1g except when d ¼ 1;3 in which case Onod
is deﬁned to be 1. Finally, let hd ¼ hK denote the class number of K ¼ Qð
ﬃﬃﬃ
d
p
Þ. It is
known that hd ¼ 1, Onod ¼ 1 for all negative integers d (Frobenius–Rabinowitch).
We improve a result of Chowla–Cowles–Cowles and characterize imaginary
quadratic ﬁelds of class number one in terms of least prime quadratic residues.
This yields an elementary characterization of imaginary quadratic ﬁelds with Ono
invariant equal to one. It is also known that hd ¼ 2, Onod ¼ 2 for all negative
integers d (Sasaki). Sasaki also proved that hd5Onod for all negative integers d. If
hd ¼ 3, then necessarily Onod ¼ 3 and d is a prime p  3 ðmod 4Þ. Computer
calculations support the conjecture that the converse holds. We prove in this paper
that this conjecture fails for at most ﬁnitely many d. We will show in fact that there
are only ﬁnitely many d with d a prime p  3 ðmod 4Þ and Onod ¼ 3. Moreover,
using a result of Bach (which assumes the extended Riemann hypothesis), we ﬁnd
that the conjecture holds for all d ¼ prime p  3 ðmod 4Þ greater than 1017.
Computer calculations so far show that the conjecture holds up to 1:5 107. Another
conditional result, derived from Lagarias–Odlyzko (Eﬀective versions of the
Chebotarev density theorem, in: ‘‘Algebraic Number Fields’’ (A. Frohlich, Ed.),
Academic Press, London, 1977), which assumes GRH, is limd!1 Onod ¼ 1.
# 2002 Elsevier Science (USA)1. INTRODUCTION
In 1772 Euler observed that the quadratic polynomial x2 þ x þ 41 takes
on prime values for the consecutive values x ¼ 0; 1; 2; . . . ; 39. He also
noticed that a similar phenomenon occurs for the polynomials x2 þ x þ q
for q ¼ 2; 3; 5; 11; 17. In 1912 Frobenius [5] discovered that this happens
whenever the corresponding quadratic ﬁeld Qð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4q
p
Þ has class number
one. The following year, Rabinowitch [9] proved that the two phenomena
are equivalent, i.e. these polynomials take on prime values for the initial
consecutive values of x if and only if the corresponding quadratic ﬁeld has259
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COHEN AND SONN260class number one. In 1986, following a suggestion of Ono, Sasaki [10]
extended Rabinowitch’s result to imaginary quadratic ﬁelds of class number
two.
To state Sasaki’s results precisely, we ﬁrst establish some notation. Let d
be a negative square-free integer, and let od be the standard integral basis
element
ﬃﬃﬃ
d
p
if d  2; 3 ðmod 4Þ and ð1þ
ﬃﬃﬃ
d
p
Þ=4 if d  1 ðmod 4Þ. Thus if K
is the imaginary quadratic ﬁeld Qð
ﬃﬃﬃ
d
p
Þ, then f1;odg is an integral basis of
the ring of integers Od ¼ OK of K . We denote the discriminant DK of K by
Dd , so Dd ¼ d if d  1 ðmod 4Þ, and Dd ¼ 4d if d  2; 3 ðmod 4Þ. Let N and
Tr denote the norm and trace, respectively, from K to Q. Let Ed ðxÞ denote
the ‘‘Euler polynomial’’ x2 þ x þ ð1 dÞ=4 if d  1 ðmod 4Þ and x2  d if
d  2; 3 ðmod 4Þ. Thus Ed ðxÞ is the minimal polynomial of od over Q. Set
OðnÞ ¼ the number of prime factors (counting multiplicity) of the positive
integer n. The Ono invariant Onod of K is deﬁned to be
maxfOðEdðbÞÞ: b ¼ 0; 1; . . . ; jDd j=4 1g except when d ¼ 1;3 in which
case Onod is deﬁned to be 1. Finally, let hd ¼ hK denote the class number
of K ¼ Qð
ﬃﬃﬃ
d
p
Þ. The classical results of Frobenius and Rabinowitch can
then be stated as follows.
Theorem 1 (Frobenius [5]). Let d be a negative integer. Then
hd ¼ 1) Onod ¼ 1.
Theorem 2 (Rabinowitch [9]). Let d be a negative integer. Then
hd ¼ 1, Onod ¼ 1.
If p > 3 is a prime, let ‘ðpÞ denote the smallest prime which is a quadratic
residue mod p, and set ‘ð3Þ ¼ 1. In Section 5, we prove the following
improvement of a result of Chowla–Cowles–Cowles:
Theorem 3. Let p be an odd prime. Then hp ¼ 1 if and only if
‘ðpÞ ¼ pþ1
4
and p  3 ðmod 4Þ.
(For negative d ; hd can be odd only if d is a prime p  3 ðmod 4Þ:Þ
As an immediate consequence we obtain
Corollary 4. Let p be an odd prime. Then Onop ¼ 1 if and only if
p  3 ðmod 4Þ and ‘ðpÞ ¼ pþ1
4
.
In 1986 Sasaki [10] proved the following two results.
Theorem 5 (Sasaki [10]). hd ¼ 2, Onod ¼ 2 for all negative integers d.
Theorem 6 (Sasaki [10]). hd5Onod for all negative integers d.
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Remark 7. Since for any positive integer n; OðnÞ ¼ Oðlog nÞ (if
n ¼ p1    ps, then n52s, so s4
log n
log 2
Þ; Onod ¼ Oðlog dÞ, so in view of the
fact that log hd  log
ﬃﬃﬃ
d
p
(Brauer–Siegel theorem), limd!1 Onod=hd ¼ 0.
Thus Theorem 6 holds asymptotically in a stronger sense. We will show,
using a result of Lagarias–Odlyzko [6] which assumes the extended Riemann
hypothesis (ERH), limd!1 Onod ¼ 1.
From Rabinowitch’s theorem and Sasaki’s theorems we get immediately
the following corollary.
Corollary 8. hd ¼ 3) Onod ¼ 3 for all negative integers d.
The reverse implication in the corollary does not hold, as Sasaki shows
by giving the counterexample d ¼ 21; Onod ¼ 3; hd ¼ 4. However,
a computer calculation of the two invariants Onod and hd for the range
50004d4 1 suggests the following conjecture.
Conjecture 9. hd ¼ 3, Onod ¼ 3 and d is a prime p  3 ðmod 4Þ.
By Remark 7, this conjecture fails for at most ﬁnitely many d. We
will show in fact that there are only ﬁnitely many d with d a prime
p  3 ðmod 4Þ and Onod ¼ 3. Moreover, using a result of Bach [3] (which
also assumes ERH), we ﬁnd that the conjecture holds for all d ¼
prime p  3 ðmod 4Þ greater than 1017. Computer calculations so far show
that the conjecture holds up to 1:5 107.
2. MODULES AND IDEALS IN QUADRATIC FIELDS
This section summarizes some background material, mainly from [10]. Let
K be an imaginary quadratic ﬁeld as above, although of course some of the
assertions below hold for more general number ﬁelds. A module in K is
a Z-module generated by a;b 2 K which are linearly independent over Q.
Such a module M will be denoted by ½a;b. Every (fractional) ideal of K is
a module, but not every module is an ideal.
Proposition 10. If M is a module contained in OK , then M has a unique
representation ½a; b þ cod , where a is the least positive integer in M, and c is
the least positive integer for which there exists b 2 Z such that b þ cod 2 M,
and b is chosen to satisfy 04b5a.
COHEN AND SONN262(This is just a special case of the fundamental theorem on ﬁnitely
generated abelian groups. See [1, pp. 257–258].) From now on, we will
always represent a module M in this way. The (absolute) norm NðMÞ of M
is then equal to ac.
Proposition 11 (Mollin [8, p. 9]). A (nonzero) module M ¼ ½a; b þ cod 
is an ideal of OK if and only if c divides both a and b and acjNðb þ codÞ.
Note that if a module ½a; b þ cod  is an ideal of OK , then
½a; b þ cod  ¼ ða; b þ codÞ, where the latter expression as usual denotes
the ideal generated by a and b þ od .
Lemma 12 (Sasaki [10, Lemma 1]). Let a; b be integers with a > 0 and
suppose the module I ¼ ½a; b þ od  is an ideal, i.e. a divides Nðb þ odÞ. Then:
(i) If a ¼ a1a2, then ½a; b þ od  ¼ ½a1; b þ od ½a2; b þ od .
(ii) If 15a5Nðod Þ, then ½a; b þ od  is not a principal ideal.
Lemma 13 (Sasaki [10, Lemma 2]). Let a; b be integers with
a > 0; ajNðb þ odÞ, and Nðb þ odÞ5NðodÞ
2. Then the ideal ½a; b þ od  is a
principal ideal if and only if a ¼ 1 or a ¼ Nðb þ od Þ.
An ideal ða; b þ codÞ is called primitive iﬀ c ¼ 1. The following
characterization of primitive ideals is easily veriﬁed.
Lemma 14. Let a be a nonzero ideal of OK . The following are equivalent:
(i) a is primitive,
(ii) the additive group of OK=a is cyclic,
(iii) there is no rational integer c > 1 dividing a in OK ,
(iv) if a ¼ pe11   p
er
r is the prime factorization of a in OK , then
p1; . . . ; pr are of degree one and pairwise nonconjugate, and if pi is
ramified, then ei ¼ 1.
Corollary 15. Every nonprincipal prime ideal of OK is primitive.
Lemma 16 (See Mollin [8, p. 15]). In every ideal class of K there is an
ideal a of norm NðaÞ4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jDd j=3
p
.
3. ONO INVARIANTS AND NORMS OF IDEALS
The following lemma generalizes an argument of Sasaki [10]. Let O* ðaÞ
denote the number of prime ideals dividing the ideal a, counting multiplicity.
IMAGINARY QUADRATIC FIELDS 263Lemma 17. Let a be a primitive ideal of OK satisfying NðaÞ5jDd j3 and
O* ðaÞ5Onod . Then O* ðaÞ ¼ Onod and a is principal.
Proof. If a ¼ ½a; b þ od  where a ¼ NðaÞ and 04b5a, then the
conjugate ideal a0 ¼ ½a; a  b  trðodÞ þ od . We distinguish two cases.
Case 1: d  2; 3 ðmod 4Þ. In this case, we prove the lemma under
the weaker assumption NðaÞ5jDd j
2
. Here trðodÞ ¼ 0;
jDd j
4
2 Z, and
a0 ¼ ½a; a  b þ od . Since a ¼ a  b þ b and a5
jDd j
2
, at least one of the
two conditions a  b5jDd j
4
; b5jDd j
4
must hold. Since we may replace a by a0,
we may assume without loss of generality that b5jDd j
4
, i.e. b4jDd j
4
 1. Since
NðaÞjNðb þ od Þ we have
Onod5OðNðb þ odÞÞ5OðNðaÞÞ ¼ O* ðaÞ5Onod :
Hence equality holds, so a ¼ NðaÞ ¼ Nðb þ odÞ and a ¼ ½Nðb þ odÞ;
b þ od  ¼ ðb þ od Þ is principal.
Case 2: d  1 ðmod 4Þ. In this case trðodÞ ¼ 1, and
jDd j
4
eZ. If a ¼ ½a; b þ
od  then a0 ¼ ½a; a  b  1þ od . Since a ¼ a  b  1þ b þ 1, we have a 
b  15jDd j
6
or b þ 15jDd j
6
. In the latter instance, b5jDd j
6
 15jDd j
4
 1, and the
argument continues as in Case 1. In the former instance, jDd j
6
4jDd j
4
 1 for
jDd j512 and the argument continues as in Case 1. If jDd j512, then jDd j ¼
jd j ¼ 3 or 7 or 11; i.e. d ¼ 3 or 7 or 11, in which case we have hd ¼ 1
and ½jDd j
3
 ¼ 1 or 2 or 3, respectively, so O* ðaÞ ¼ 1 and a is principal. ]
Theorem 18. Let Onod ¼ m. Let p be a prime ideal of OK of degree one
and not dividing Dd . Then NðpÞ5m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NðodÞ
p
¼ m
ﬃﬃﬃﬃﬃﬃ
1d
4
q
.
Proof. Assume NðpÞ5m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Nðod
p
Þ. By Lemma 14, pm is primitive and
NðpmÞ ¼ pm5NðodÞ, so by Lemma 12, pm is not principal. On the other
hand, applying Lemma 17, NðpmÞ5NðodÞ ¼ 1d4 ¼
1þjd j
4
4jd j
3
4jDd j
3
(since
jd j53), which implies pm is principal, a contradiction. ]
Example 19. Consider the field Qð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
499
p
Þ (499 is prime), whose Ono
invariant is 3. In this field Nðod Þ ¼ 499þ14 ¼ 125 ¼ 5
3, so p ¼ ½5;od  is a
prime ideal, and nonprincipal by Lemma 12. Its norm is
5 ¼ 3
ﬃﬃﬃﬃﬃﬃ
pþ1
4
q
; p ¼ 499, so the bound in Theorem 18 is sharp.
4. IMAGINARY QUADRATIC FIELDS OF CLASS NUMBER
THREE
Let hd ¼ 3. Then by Sasaki’s results mentioned above (Corollary 8),
Onod ¼ 3, and by Mollin [8, p. 17], since hd is odd, d is a prime
COHEN AND SONN264p  3 ðmod 4Þ. We conjectured in the introduction that the converse is true
(Conjecture 9).
By Remark 7 there are at most ﬁnitely many values of d for which the
conjecture is false.
Observation 20. Assume d is a prime p  3 ðmod 4Þ. Then for any odd
prime qap; ½q; b þ od  is an ideal for some b 2 Z if and only if (the Legendre
symbol) ðq
p
Þ ¼ 1.
Proof. ½q; b þ od  is an ideal for some b , qjNðb þ odÞ for some b
(Lemma 12) , the congruence x2 þ x þ NðodÞ  0 ðmod qÞ has a solution
b , q splits in K . ]
Linnik and Vinogradov [7] proved that for any prime p, there exists a prime
q ¼ Oðp1=4þeÞ such that ðq
p
Þ ¼ 1. For p  7 ðmod 8Þ; 2jNðod Þ ¼
pþ1
4
, so the
ideal ½2;od  has norm 25 3
ﬃﬃﬃﬃﬃﬃ
pþ1
4
q
already for p > 31. For p  3 ðmod 8Þ we
invoke the result of Linnik and Vinogradov to conclude that for p
suﬃciently large, there is a prime ideal p ¼ ½q; b þ od , q odd, with
norm NðpÞ ¼ q5 3
ﬃﬃﬃﬃﬃﬃ
pþ1
4
q
. From Theorem 18 we conclude:
Theorem 21. There are at most finitely many values of p  3 ðmod 4Þ
for which Onop ¼ 3.
In particular, we again see that Conjecture 9 fails for at most ﬁnitely many
values of d.
The last result in this section is a curious consequence of the condition
Onod ¼ 3.
Lemma 22. If a is an ideal of OK of minimal norm in its ideal class, then it
is not properly divisible by any principal ideal other than the trivial ideal.
Proof. If a is principal, the assertion is trivial, so assume a nonprincipal.
If a ¼ bc nontrivially with b principal, then c is nonprincipal in the same
class as a with smaller norm, a contradiction. ]
Theorem 23. Assume Onod ¼ 3 and d is a prime  3 ðmod 4Þ. Then
every nonprincipal ideal of minimal norm in its ideal class is prime.
Proof. Let a be a nonprincipal ideal of minimal norm in its class.
Assume contrarily that a is a product of primes p1   pr with r > 1, and
without loss of generality Nðp1Þ4NðpiÞ for all i > 1. By Lemma 22, none of
the factors in this product is principal. On the other hand, by Lemma 16,
Nðp1Þ   NðprÞ ¼ NðaÞ4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jDd j=3
p
which implies that Nðp1Þ4
4
ﬃﬃ
p
3
q
5
3
ﬃﬃﬃﬃﬃﬃ
pþ1
4
q
ðp55Þ, contradicting Theorem 18. ]
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If p > 3 is a prime, let ‘ðpÞ denote the smallest prime which is a quadratic
residue mod p. Set ‘ð3Þ ¼ 1. We will improve the following result of
Chowla–Cowles–Cowles:
Theorem 24 (Chowla et al. [4]). Let p > 3 be a prime such that
p  3 ðmod 8Þ. Then hp ¼ 1 if and only if ‘ðpÞ ¼
pþ1
4
.
Theorem 25. Let p be an odd prime. Then hp ¼ 1 if and only if
‘ðpÞ ¼ pþ1
4
and p  3 ðmod 4Þ.
Proof. Assume p  3 ðmod 4Þ and hp > 1. Let p be a nonprincipal ideal
of smallest norm (of K). Then p is prime and by Lemma 16, NðpÞ ¼ p14
ﬃﬃ
p
3
q
with p1 prime. In particular pa3 so p15
ﬃﬃ
p
3
q
. On the other hand, by
Corollary 15, p ¼ ½p1; b þ od , so by Observation 20, ð
p1
p
Þ ¼ 1. It follows that
‘ðpÞ4p15
ﬃﬃ
p
3
q
5pþ1
4
. This proves one direction.
Now assume p is an odd prime such that hp ¼ 1. First of all, by
Mollin [8, p. 17], p  3 ðmod 4Þ. Secondly, ðpþ1
2
Þ2  pþ1
4
ðmod pÞ, so pþ1
4
is a quadratic residue mod p. Claim pþ1
4
is prime ðpa3Þ. Indeed, if pþ1
4
had a proper divisor n, then since pþ1
4
¼ NðopÞ, it follows from Lemma 12
that I ¼ ½n; NðopÞ is an ideal, and that I is not principal since
n5pþ1
4
¼ NðopÞ, contradicting the assumption that hp ¼ 1. Finally,
suppose there is a prime q5pþ1
4
¼ NðopÞ, such that ð
q
p
Þ ¼ 1. Then by
Observation 20, ½q; b þ op is an ideal. Again by Lemma 12, it is not
principal, contradicting hp ¼ 1. ]
Rabinowitch’s theorem and Theorem 25 now yield
Corollary 26. Let p be an odd prime. Then Onop ¼ 1 if and only if
p  3 ðmod 4Þ and ‘ðpÞ ¼ pþ1
4
.
It would be interesting to know if there is a direct proof of this corollary
(not going via class numbers of imaginary quadratic ﬁelds).
Theorem 27. Suppose p  3 ðmod 4Þ. If Onop5m, then ‘ðpÞ4ð
pþ1
4
Þ2=m.
Proof. By hypothesis there exists b; 04b5p
4
 1, and primes p14   4
pm such that p1    pmjb2 þ b þ
pþ1
4
. Since for b in the given range,
b2 þ b þ pþ1
4
5ðpþ1
4
Þ2, we have p14ð
pþ1
4
Þ2=m. On the other hand, by Observa-
tion 20, ðp1
p
Þ ¼ 1. Hence ‘ðpÞ4ðpþ1
4
Þ2=m. ]
Theorem 28. Suppose p  3 ðmod 4Þ. Then ‘ðpÞ5ðpþ1
4
Þ1=hp .
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pþ1
4
Þ1=m. By
Observation 20 and Lemma 12, p1 :¼ ½p1; b þ op is a nonprincipal prime
ideal. Moreover, by Mollin [8, p. 94] or Lemma 14 and Corollary 15, pm1 ,
being a power of a primitive ideal relatively prime to the discriminant of K ,
is also primitive, with Nðpm1 Þ ¼ Nðp1Þ
m ¼ pm15
pþ1
4
, hence by Lemma 12 is
not principal. On the other hand, since the order of the class group is m; pm1
is principal, a contradiction. ]
6. CONDITIONAL RESULTS
We now present some results which rely on variants of the Riemann
hypothesis.
Theorem 29 (Generalized Riemann hypothesis). limd!1 Onod ¼ 1.
Proof. By a result of Lagarias–Odlyzko [6, Corollary 1.2], there exists an
absolute constant C such that if the generalized Riemann hypothesis (GRH)
holds for the Dedekind zeta function of K ¼ Qð
ﬃﬃﬃ
d
p
Þ, then there exists a
prime p which splits in K, and p4Cðlog dÞ2ðlog log dÞ4. It follows that given
any positive integer m, for all jd j suﬃciently large there exists a prime p
which splits in K such that p4m
ﬃﬃﬃﬃ
jd j
4
q
. It follows that if p is a prime of K
dividing p; p is primitive. By Lemma 14 or [8, p. 94], pm is also primitive,
hence of the form ½pm; b þ od  with pmjNðb þ odÞ; 04b5pm4
jd j
4
, which by
deﬁnition implies that Onod5m. ]
We will now ﬁnd an explicit bound for Theorem 21 relying on the ERH.
Theorem 30 (ERH). Onod ¼ 3 is possible only in the range Dd ¼
p  3 ðmod 4Þ51017.
Proof. We use a result of Bach [3, Theorem 4], which assumes ERH: let
K be any number ﬁeld of discriminant D, let f be an ideal of OK ; Hf the
group of fractional ideals of K prime to f, and let w be a nontrivial character
of Hf. Then there exists a prime p of K of degree one such that wðpÞa0; 1
and NðpÞ418 log2ðjDj2NðfÞÞ.
In our case K ¼ Qð
ﬃﬃﬃﬃﬃﬃ
p
p
Þ. Taking f ¼ ð
ﬃﬃﬃﬃﬃﬃ
p
p
Þ, and observing that
ðOK=fÞ* (which is a subgroup of the ray class group mod f) is cyclic of
order p  1, there exists a nontrivial character w of Hf. Applying Bach’s
result to this situation, there exists a prime p which splits over Q, and
NðpÞ418 log2ðjDj2NfÞ ¼ 18 log2ðp3Þ ¼ 162 log2 p. We are therefore reduced
to computing when 3
ﬃﬃﬃﬃﬃﬃ
pþ1
4
q
exceeds 162 log2 p. Using MATLAB we obtain a
value 1017. ]
IMAGINARY QUADRATIC FIELDS 267Conjecture 9 can therefore be settled in principle (assuming ERH) by
computer veriﬁcation. (So far we have veriﬁed the conjecture up to
15 106.)
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